Introduction
In [12, 13] , Karl Bögel introduced the concepts of B-continuous and B-differentiable functions. The GBS (Generalized Boolean Sum) operators are used in the uniform approximation of B -continuous functions. The term GBS operators was introduced by Badea et al. in [6] . In recent years, several researchers have made significant contributions in this area of approximation theory [1, 3, 11, 18, 21-24, 27, 29] . In this paper we study the uniform approximation of B -continuous functions using GBS operators of Durrmeyer type based on q -integers. The notions like GBS operators, B -continuous functions, and mixed modulus of continuity are considered in this section. A Korovkin-type theorem for the approximation of B -continuous functions using GBS operators and a Shisha-Mond-type theorem to estimate the degree of approximation in terms of mixed modulus of continuity are also presented. 
exists and is finite. The limit is the B -derivative of f at the point (x 0 , y 0 ) and is denoted by
The space of all B -differentiable functions is denoted by D b (A).
The function f : A → R is uniform B -continuous on A if and only if for any ϵ > 0 there exists
(1)
is called the GBS operator associated with L.
Badea et al. in [5] established the following Korovkin-type result to approximate B -continuous functions using GBS operators. 
hold for all (x, y) ∈ A and m, n ∈ N \ {0}. If the sequences (u m,n ), (v m,n ), (w m,n ) converge to zero uniformly on A , then the sequence (U m,n f ) converges to f uniformly on A for all f ∈ C b (A).
In order to evaluate the approximation degree of B -continuous functions using GBS operators, an important tool is the mixed modulus of continuity, for which we will recall the definition. 
for all δ 1 , δ 2 ∈ R + , (x, y), (s, t) ∈ A . The properties of mixed modulus of continuity were investigated in [4, 7] .
Shisha and Mond [28] established an important result meant to evaluate the approximation degree of continuous and differentiable univariate real valued functions by linear positive operators using the modulus of continuity. Following the ideas from [28] , Badea et al. in [7] proved the following Shisha-Mond-type theorem to evaluate the approximation degree for B -continuous functions using GBS operators. 
Recall that ω mixed (f ; 0, 0) = 0 and ω mixed is a B -continuous function. These properties of mixed modulus of continuity and the inequality (4) make it possible to obtain the uniform convergence for the sequence defined by the GBS operators to a B -continuous function. 
where 
x ∈ [0, 1] as follows:
The operators (6) are known as the Stancu operators and they contain as a particular case the classical Bernstein operators (when α = β = 0).
Pop and Barbosu [26] introduced the Durrmeyer-Stancu operators
When α = β = 0, the operators (7) reduce to the classical Durrmeyer operators (5).
In 2008, using the method of parametric extensions, Pop and Barbosu [27] introduced the bivariate
The GBS associated with the operators U
in [27] as follows:
It was proved that the sequence having the general term (9) converges uniformly to
) and the rate of convergence in terms of mixed modulus of continuity was evaluated. Note that for α 1 = β 1 = 0, α 2 = β 2 = 0 the operator (9) reduces to the classical GBS Durrmeyer operators [9] .
Dirik and Demirci [15] obtained important results regarding the approximation in a statistical sense of nvariate B -continuous functions, while Karakus and Demirci [20] report results regarding the statistical τ -approximation to B -continuous functions. Barbosu and Muraru investigated in [11] the approximation of Bcontinuous functions using q -GBS operators of Bernstein-Schurer-Stancu type. The GBS operators associated with the bivariate Chlodowsky-Szasz-Charlier-type operators and the bivariate Bernstein-Schurer-Kantorovich were investigated by Agrawal and Ispir [3] and Sidharth et al. [29] .
In this study we introduce the GBS operators of bivariate Durrmeyer type and some estimates for these operators are obtained in the space of Bögel continuous functions. The paper has the following structure. Section 2 contains some general results regarding q -calculus and also the construction of GBS -Durrmeyer operators based on q -integers. The main results of the paper, which consist of some approximation properties of operators, are contained in Section 3. A uniform convergence theorem and an estimation of the degree of approximation in terms of mixed modulus of continuity are proved. Numerical considerations on the present topic are also presented.
Results regarding q -calculus and GBS Durrmeyer operators based on q -integers
In recent decades the applications of q -calculus have represented an important area of research in approximation theory using linear and positive operators. In the following we will recall some achievements in the topic on the bivariate case.
We mention that [10] was probably the first paper focused on Bernstein bivariate operators. Dogru and Gupta [16] constructed and studied a generalization of Meyer-König and Zeller bivariate operators based on q -integers. Agratini [2] presented two-dimensional extensions of some approximation processes, expressed by series. Orkcü [25] studied q -Szasz-Mirakjan-Kantorovich operators.
For any real number q > 0, the q -integer k , k ∈ N, k ≥ 1 is defined by
The q -factorial and the q -binomial coefficients are introduced as follows:
The q -analogue of (x − a) m is the polynomial
The q -analogue of integration in the interval [0, a] is defined by
Gupta [19] introduced the q -Durrmeyer operators as 
p n,j (q 2 ; y) 
Proof The assertions follow by direct computation taking into account the definitions (11) and (12). 2 Remark 2.1 When q 1 = q 2 = 1, the operators (13) reduce to the classical Durrmeyer bivariate operators from [9] .
We define the GBS operator associated with the operator D m,n,q1,q2 as follows:
where U m,n,q1.q2 is defined from the space C b (I 2 ) on itself and f ∈ C b (I 2 ).
Lemma 2.2 For positive integers m, n , f ∈ R I , and (x, y) ∈ I the following statement
holds. Proof Taking Next one makes use of (11) and (12) . 
A convergence theorem for the sequence U m,n,q1,q2
In order to prove some approximation properties of the GBS q -Durrmeyer operators, we need the following result obtained by Gupta in [19] .
Lemma 3.1 The univariate q -Durrmeyer operators (10) verify
Farther on, we evaluate the images of the test functions by the bivariate q -Durrmeyer operator D m,n,q1,q2 .
Lemma 3.2 For positive integers m, n , and (x, y) ∈ I
2 the operators D m,n,q1,q2 verify
Corollary 3.1 The following identities hold true:
The next result regarding the central moment operators can be obtained. In the next part of this section we will consider some numerical results, which show the rate of convergence of the GBS operator associated with the classical Durrmeyer bivariate operator D m,n,q1,q2 to a certain function, using MATLAB algorithms. Figures 1 and 2 , respectively, for m = n = 40, q 1 = q 2 = 0.6 and m = n = 600, q 1 = q 2 = 0.9, respectively. We remark that as the values of m and n increase, the error in the approximation of the function by the operator becomes smaller. 
Lemma 3.3 Let m, n ∈ N , and q
1 , q 2 ∈ (0, 1). Then i) D m,n,q1,q2 ( (s − x) 2 ; x, y ) ≤ 2 [m + 2] q1 δ 2 m,q1 (x), ii) D m,n,q1,q2 ( (t − y) 2 ; x, y ) ≤ 2 [n + 2] q2 δ 2 n,q2 (y), where δ 2 m,q1 (x) = φ 2 (x) + 3 2[m + 2] q1 , δ 2 n,q2 (y) = φ 2 (y) + 3 2[n + 2] q2 , φ 2 (x) = x(1 − x), x ∈ [0, 1] . Theorem 3.1 If q 1m , q 2n ∈ (0, 1) such that lim m→∞ q 1m = 1 , lim n→∞ q 2n = 1 , then the sequence (U m,n,q1,q2 f ) converges uniformly to f on I 2 , for each f ∈ C b (I 2 ). Proof Applying Lemma 3.2 we get that D m,n,q1m,q2n (1; x, y) = 1 , lim m,n→∞ D m,n,q1m,q2n (s; x, y) = x, lim m,n→∞ D m,n,q1m,q2n (t; x, y) = y , lim m,n→∞ D m,n,q1m,q2n (s 2 + t 2 ; x, y) = x 2 + y 2 ,Example 3.1 We consider f : R 2 → R, f (x, y) = 2x 2 y 2 + x 2 y − 3y 2 .
The convergence of the bivariate qDurrmeyer operator to the function f is illustrated in

Example 3.1
We consider f (x, y) = 2x 2 y 2 + x 2 y − 3y 2 , m = n = 50 , and q 1 = q 2 = 0.9 . In the Table we computed the error of approximation for U m,n,q1,q2 and D m,n,q1,q2 at certain points. 
) .
Proof Applying Theorem 1.2 one obtains
Considering Lemma 3.3 we obtain the degree of local approximation for B -continuous functions. 2
be the Lipschitz class of B -continuous functions. The next result gives the rate of convergence of the operators U m,n,q1m,q2n in terms of the Lipschitz class.
where δ 1m (x) and δ 2n (y) are defined in Theorem 3.2.
Proof Using the definition of the operators U m,n,q1m,q2n we can write
Applying Hölder's inequality with (p, q) =
, we have 
Proof
